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Abstract
This paper describes the background field equations for strings in T-duality
symmetric formalisms in which the dimension of target space is doubled and
the sigma model supplemented with constraints. These are calculated by de-
manding the vanishing of the beta-functional of the sigma model couplings in
the doubled target space. We demonstrate the equivalence with the background
field equations of the standard string sigma model.
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1 Introduction
T-duality is one of the cornerstones of string theory. It is an intrinsically stringy effect
which relates small to large manifolds exchanging winding with momentum modes.
From a space-time perspective T-duality is a solution generating symmetry of the
low energy equations of motion but from the world sheet point of view, T-duality is
a non-perturbative symmetry. Importantly, the presence of T-duality allows for the
construction of non-geometric manifolds where locally geometric regions are patched
together with T-duality transformations. Such constructions, known as T-folds [1],
may play a crucial role in moduli stabilisation and certainly are an important part of
any string landscape.
Given the importance of T-duality it is desirable that this symmetry is made
manifest in the string sigma model. There have been various attempts in the past
to develop a formalism where T-duality is a symmetry of the action [2]. We will use
the form most recently championed by Hull [3] as our starting point. This doubles
the dimension of the target space with the doubled dimensions being related by T-
duality. Additional constraints are then needed to reduce the degrees of freedom.
These take the form of a set of chirality constraints. The result is that the formalism
has manifest T-duality with a doubled target space. The key difficulty is dealing with
the constraints in the correct way. Demonstrating the classical equivalence of this
formalism to the usual sigma model is straightforward, however, showing quantum
equivalence is less trivial. This has been discussed in [7–9].
In this paper we would like to examine the beta-functional of the string in this
formalism so as to determine the background-field equations for the doubled space.
This project was prompted by various questions. The most important was to deter-
mine if the background-field equations arising from the one-loop beta-functional for
the doubled formalism were the same as for the usual string. A priori this did not
have to be the case. In fact, one may imagine that they will be different since the
doubled formalism naturally incorporates the string winding modes which could in
principle correct the usual the beta-function. We know that world sheet instantons
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correct T-duality [10,11] and so since the doubled space contains the naive T-dual one
may think of all sorts of possibilities that could arise for corrections to the doubled
geometry.
We begin by briefly introducing the doubled formalism before incorporating the
constraints into the action so that we can use the background-field method. We then
carry out the background-field expansion to find the resulting one loop beta-functional
for the background doubled metric. Finally the relation to the non-doubled geometry
is described. This shows that the constraints on the doubled geometry required for
conformal invariance are equivalent to the usual background-field equations for the
standard string sigma model.
2 The doubled formalism
The doubled formalism [1, 3, 4] is an alternate description of string theory on target
spaces that are locally T n bundles, with fibre coordinates X i, over a base N with
coordinates Y a. The fibre is doubled to be a T 2n with 2n coordinates XA. The
doubled sigma model then has Lagrangian4
L =
1
4
HAB(Y )dX
A ∧ ∗dXB + L(Y ) + Ltop(X) (1)
where L(Y ) is the standard Lagrangian for a string on the base and H(Y ) is a metric
on the fibre5. Ltop is a purely topological term described in [4]. It is vital to obtaining
the equivalence of the doubled to the non-doubled partition functions [7] but it will
play no role in the beta-functions and so will be dropped from now on. One may
choose a frame where the metric H has an O(n, n)/O(n)×O(n) coset form as follows:
HAB(Y ) =
(
h− bh−1b bh−1
−h−1b h−1
)
. (2)
4The complete formalism also introduces a 1-form connection for the fibration AA(Y ) which we
set to zero throughout this paper.
5We adopt the conventions of [4]; the worldsheet signature is (+,−), ∂± = ∂0 ± ∂1, ǫ01 = 1 = ǫ
01
and for convenience we have dropped an overall factor of 2π. The factor of 1
4
in (1) is half the usual
normalisation and is required to make contact with the standard sigma model.
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h and b are the target space metric and B-field on the fibre of the undoubled space.
In this frame XA = (X i, X˜i) with {X˜i} the coordinates on the T-dual torus. We
must then supplement this doubled sigma model action with a set of constraints so
as to obtain the correct number of degrees of freedom and be equivalent to the usual
non-doubled sigma model. The constraints are given by
dXA = LABHBC ∗ dX
C , (3)
where the L is an O(n, n) invariant metric that can be used to raise and lower indices
on H which in this basis is given by
LAB =
(
0 1
1 0
)
. (4)
To understand this constraint it is helpful to introduce a vielbein to allow a change
to a chiral frame (denoted by barred indices) where:
HA¯B¯(y) =
(
1 0
0 1
)
, LA¯B¯ =
(
1 0
0 −1
)
. (5)
In this frame the constraint (3) is a chirality constraint ensuring that half the XA¯ are
chiral Bosons and half are anti-chiral Bosons.
As a simple example let us consider the n = 1 case ie. a circle, with constant
radius R. The doubled action on the fibre is
Sd =
1
4
R2
∫
dX ∧ ∗dX +
1
4
R−2
∫
dX˜ ∧ ∗dX˜. (6)
As in [7], we make the change to basis in which the fields are chiral:
P = RX +R−1X˜, ∂−P = 0 , (7)
Q = RX − R−1X˜, ∂+Q = 0 . (8)
In this basis the action becomes
Sd =
1
8
∫
dP ∧ ∗dP +
1
8
∫
dQ ∧ ∗dQ . (9)
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One may then incorporate the constraints into the action using the method of Pasti,
Sorokin and Tonin [12]. We define one-forms
P = dP − ∗dP, Q = dQ+ ∗dQ , (10)
which vanish on the constraint. These allow us to incorporate the constraint into the
action via the introduction of two auxiliary closed one-forms u and v as follows:
SPST =
1
8
∫
dP ∧ ∗dP +
1
8
∫
dQ ∧ ∗dQ−
1
8
∫
d2σ
(
(Pmu
m)2
u2
+
(Qmv
m)2
v2
)
. (11)
The PST action works by essentially introducing a new gauge symmetry, the
PST symmetry, that allows the gauging away of fields that do not obey the chiral
constraints. Thus only the fields obeying the chiral constraints are physical.
There are now two ways to proceed. One may either gauge fix the PST-style
action immediately which will break manifest Lorentz invariance or try to quantise
covariantly and introduce ghosts to deal with the PST gauge symmetry. In this paper
we choose the non-covariant option and immediately gauge fix to give a Floreanini-
Jackiw [13] style action. Picking the auxiliary PST fields (u and v) to be time-like
produces two copies of the FJ action (one chiral and one anti-chiral)
S =
1
4
∫
d2σ(∂1P∂−P − ∂1Q∂+Q). (12)
We re-expand this in the non-chiral basis to give Tseytlin’s [5] duality-symmetric
formulation of the action
S =
1
2
∫
d2σ
[
−(R∂1X)
2 − (R−1∂1X˜)
2 + 2∂0X∂1X˜
]
. (13)
Notice that the unusual normalisation of (1) was exactly what was needed for this
form of the action to have the correct normalisation. The constraints
∂0X˜ = R
2∂1X ∂0X = R
−2∂1X˜ (14)
then follow after integrating the equations of motion6 and the string wave equation is
given by combining the constraint equations.
6We fix the arbitrary function of τ introduced by integration by observing that (13) has δX = f(τ)
gauge invariance.
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Returning to the general case, the PST procedure yields an action
S =
1
2
∫
d2σ
[
−Gαβ∂1X
α∂1X
β + Lαβ∂1X
α∂0X
β +Kαβ∂0X
α∂0X
β
]
, (15)
where Xα = (XA, Y a) = (X i, X˜j, Y
a) and7
G =
(
H 0
0 g
)
,L =
(
L 0
0 0
)
,K =
(
0 0
0 g
)
. (16)
For the fibre coordinates we have the equation of motion
∂1 (H∂1X) = L∂1∂0X, (17)
which integrates to give the constraint (3). This form of the action will be our starting
point for calculating the beta-functional of the theory.
3 The background-field expansion
To perturbatively study ultra-violet divergences in the doubled formalism we expand
quantum fluctuations around a classical background. We make a choice of coordinates
that leaves the general coordinate invariance of the action manifest in the perturbative
expansion [14, 15].
First one writes the fields Xα as the sum of a classical piece Xαcl and a quantum
fluctuation πα, however, the expansion in this fluctuation would not be general co-
variant. Instead one takes the geodesic from Xαcl to X
α
cl + π
α and finds its tangent
vector at Xαcl with length equal to that of the geodesic. We call this tangent vector
ξα and it is contravariant, so the coefficients in at expansion in terms of ξα are ten-
sors. In general, terms linear in ξα are proportional to the equations of motion of the
classical background and so vanish. The quadratic terms will give rise to the one loop
corrections and so are the relevant terms for calculating the one-loop beta-function.
We will use the algorithmic method of calculating the background-field expansion
developed in [16]. To obtain the nth order background-field expanded action we
7In our notation we reserve the Greek characters µ and ν to denote worldsheet indices.
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simply act on the Lagrangian with the operator∫
d2σξα(σ)Dσα (18)
n times and divide by n! (Dσα is the covariant functional derivative with respect to
Xα(σ)). The action of this operator can be summarised as∫
d2σ ξα(σ)Dσαξ
β(σ′) = 0 , (19)∫
d2σ ξα(σ)Dσα∂µX
β(σ′) = Dµξ
β(σ′) , (20)∫
d2σ ξα(σ)DσαDµξ
β(σ′) = Rβαγδ∂µX
δξαξγ(σ′) , (21)∫
d2σ ξα(σ)DσαTα1α2...αn(X(σ
′)) = DβTα1α2...αnξ
β(σ′) , (22)
where Rβαγδ is the target space Riemann tensor and Tα1α2...αn is a rank n tensor and
these are understood to be evaluated at the classical value Xcl. The form of (22) is
particularly relevant, leading to simplification when dealing with the metric.
Expanding the first term in (15) is exactly the same as the standard sigma model
calculation (albeit without world sheet covariance), at first order we have8
−Gαβ∂1X
αD1ξ
β (23)
and at second order
−
1
2
(
GαβD1ξ
αD1ξ
β +Rγαβδξ
αξβ∂1X
γ∂1X
δ
)
, (24)
where Rγαβδ is the Riemann tensor constructed from the metric G. The expansion of
the L term in the action is more complex giving
1
2
(
Lαβ∂0X
αD1ξ
β + LαβD0ξ
α∂1X
β +DαLγβξ
α∂0X
γ∂1X
β
)
(25)
at first order and
1
2
(
LαβD0ξ
αD1ξ
β +
1
2
(
DαDβLγδ + LγσR
σ
αβδ + LδσR
σ
αβγ
)
ξαξβ∂0X
γ∂1X
δ
+DγLαβξ
γ
(
∂0X
αD1ξ
β +D0ξ
α∂1X
β
))
(26)
8From now on X refers to the classical field Xcl.
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at second-order. This is the general expansion for any second rank tensor L so the K
term in (15) may be expanded in a similar way.
The first-order terms in ξ vanish as they should (using the equations of motion of
Xcl) leaving the second-order Lagrangian which is given by
2L(2) = −GαβD1ξ
αD1ξ
β + LαβD0ξ
αD1ξ
β +KαβD0ξ
αD0ξ
β
−Rγαβδξ
αξβ∂1X
γ∂1X
δ + Lαβ;γξ
γ(D0ξ
α∂1X
β + ∂0X
αD1ξ
β)
+
1
2
DαDβLγδξ
αξβ∂0X
γ∂1X
δ +
1
2
(
LγσR
σ
αβδ + LδσR
σ
αβγ
)
ξαξβ∂0X
γ∂1X
δ
+2Kαβ;γξ
γD0ξ
α∂0X
β
+
1
2
DαDβKγδξ
αξβ∂0X
γ∂0X
δ +KγσR
σ
αβδξ
αξβ∂0X
γ∂0X
δ . (27)
4 Simplification strategy
Now we have the background-field expanded action we may simplify it using the
equations of motion of Xα (recall Xα is the classical field configuration which we
are expanding around and so obeys its equation of motion). Then we use Wick
contractions on the quantum field ξ. The equation of motion is
D1(Gαβ∂1X
β) = Lαβ∂1∂0X
β + Dˆ0(Kαβ∂0X
β) , (28)
where Dˆ0 is a covariant derivative constructed only from the base metric g (Dˆ0K = 0
and Γˆ will similarly refer to the connection constructed from g). This equation is
required to show vanishing of the first-order action and we now use it to remove all
L terms (except the L fluctuation ‘kinetic’ term) from the action. This means (using
integration by parts) we can substitute
Lαβ;γξ
γ
(
∂0ξ
α∂1X
β + ∂1ξ
α∂0X
β
)
+ LαβΓ
α
γδξ
γ∂1X
δ∂0ξ
β + LαβΓ
α
γδξ
γ∂0X
δ∂1ξ
β
=
1
2
Lβδ∂σΓ
δ
γαξ
γξα(∂1X
β∂0X
σ + ∂0X
β∂1X
σ)
−2GδβΓ
δ
γαξ
γ∂1ξ
α∂1X
β − ∂σ(GδβΓ
δ
γα)ξ
γξα∂1X
β∂1X
σ
+2KδβΓ
δ
γαξ
γ∂0ξ
α∂0X
β + ∂σ(KδβΓ
δ
γαξ
γ)ξα∂0X
β∂0X
σ
+Γδγαξ
γξα
(
GδβΓ
β
στ∂1X
σ∂1X
τ −KδβΓˆ
β
στ∂0X
σ∂0X
τ
)
. (29)
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This leads to a dramatically simplified Lagrangian given by
2L(2) = −Gαβ∂1ξ
α∂1ξ
β + Lαβ∂0ξ
α∂1ξ
β +Kαβ∂0ξ
α∂0ξ
β
−2∂αGγβ∂1X
γξα∂1ξ
β −
1
2
∂α∂βGγδ∂1X
γ∂1X
δξαξβ
+2∂αgβγξ
α∂0ξ
β∂0X
γ +
1
2
∂α∂βKγδξ
αξβ∂0X
γ∂0X
δ . (30)
Note that we have chosen to proceed by expanding covariant derivatives and sim-
plifying using the equations of motion, rather than leaving things expressed in terms
of covariant derivatives. We now proceed to introduce vielbeins so that we can work
in the chiral frame where we know how to find the fluctuation propagators.
Once vielbeins are introduced there are of course terms with derivatives acting
on the vielbeins. Normally such terms are accounted for by exchanging the usual
connection for the spin connection. The pull back of the spin connection to the world
sheet transforms as a gauge field. There is then a general argument that this gauge
field, which is minimally coupled, cannot contribute to the Weyl anomaly. We have
a modified action where the gauge connection is no longer be minimally coupled and
there is no such argument (indeed we find contributions from the ‘gauge’ terms).
Introducing the vielbein has the effect of moving all indices on ξ′s in the second-
order action to the chiral frame at the expense of also introducing the following terms:
2LV = −2Gα¯β∂1V
β
β¯
ξβ¯∂1ξ
α¯ − Gαβ∂1V
β
β¯
∂1V
α
α¯ξ
β¯ξα¯
+Lα¯β∂1V
β
β¯
ξβ¯∂0ξ
α¯ + Lα¯β∂0V
β
β¯
ξβ¯∂1ξ
α¯ + Lαβ∂1V
β
β¯
∂0V
α
α¯ξ
β¯ξα¯
+2Kα¯β∂0V
β
β¯
ξβ¯∂0ξ
α¯ +Kαβ∂0V
β
β¯
∂0V
α
α¯ξ
β¯ξα¯
−2∂α¯Gγβ∂1X
γ∂1V
β
β¯
ξα¯ξβ¯ + 2∂α¯Kγβ∂0X
γ∂0V
β
β¯
ξα¯ξβ¯ . (31)
5 Wick contraction
In this chiral frame L and H are diagonal and one can calculate the propagators
for the fluctuations from the ‘kinetic terms’ in the Lagrangian. On the fibre these
‘kinetic terms’ are FJ style Lagrangians of the form (12) for n chiral and n anti-chiral
Bosons in flat space. The propagators for such chiral Lagrangians have previously
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been considered by Tseytlin [5]. The sum of a chiral and anti-chiral propagator is
proportional to a standard Boson propagator ∆0. The difference of chiral and anti-
chiral propagators gives a phase θ. Full details of this are given in the appendix. The
general result for our action is that
〈ξA¯ξB¯〉 = ∆0H
A¯B¯ + θLA¯B¯. (32)
∆0 contains UV divergence that needs regularisation and renormalisation. The
coefficients of ∆0 will thus contribute to the Weyl anomaly and in turn, to the beta-
functionals.
θ does not contain any divergence and does not therefore contribute to the Weyl
anomaly. Instead θ parameterises any Lorentz anomaly. One would demand such
anomaly vanishes by setting
∂Seff
∂θ
= 0. This would place additional constraints on
the background fields beyond that of the beta-functionals vanishing. However, when
the dust settles all occurrences of θ in the effective action cancel out leaving no Lorentz
anomaly. This is as expected since we have an equal number of Bosons of each chirality.
Given (32) we can deduce the form of more complicated Wick contractions which
are quartic in ξ and contain derivatives of fluctuations9. These contractions arise in
the O(S2eff) term in the exponential of the effective action and must be included since
we need to count all logarithmic divergences (see for example [15]).
When evaluating all contributing terms it will be useful to distinguish ‘base terms’
which contain only the base metric g and its derivatives and ‘vielbein terms’ which
come from (31) and contain derivatives of the vielbein prior to any integrations by
parts.
5.1 Single contraction terms
The terms with a single 〈ξξ〉 contraction are
1
2
∂a∂bgbg
〈
ξaξb
〉
∂µY
g∂µY d =
1
2
∂a∂aggd∂µY
g∂µY d∆0 (33)
9See appendix.
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from the base,
−
1
2
∂a∂bHGD∂1X
G∂1X
D
〈
ξaξb
〉
= −
1
2
∂a∂
aHGD∂1X
G∂1X
D∆0 (34)
on the fibre and
−HAB∂1V
B
B¯∂1V
A
A¯
〈
ξB¯ξA¯
〉
=
(
−∂1V
A
A¯∂1V
A¯
A +
1
2
∂1HAB∂1H
AB
)
∆0, (35)
LAB∂1V
B
B¯∂0V
A
A¯
〈
ξB¯ξA¯
〉
=
(
∂1V
A¯
A∂0V
A
B¯δ
B¯C¯LC¯A¯
)
∆0, (36)
−2∂a¯HBG∂1X
G∂1V
B
B¯
〈
ξa¯ξB¯
〉
= 0, (37)
gab∂
µVbb¯∂µV
a
a¯
〈
ξ b¯ξa¯
〉
=
(
∂µVaa¯∂µV
a¯
a −
1
2
∂µgab∂µg
ab
)
∆0, (38)
2∂a¯gbg∂
µY g∂µV
b
b¯
〈
ξa¯ξ b¯
〉
=
(
−2∂aggb∂dV
b
b¯δ
a¯b¯V aa¯
)
∆0 (39)
from the vielbeins.
5.2 Double contraction terms
These occur when expanding the exponential of the effective action to second order.
Although there seem myriad possible terms that could contribute, especially from
vielbein terms, many vanish trivially. This because new divergent diagrams must still
be one-loop in fluctuations so contain one ‘loop’ of indices: the block diagonal form of
the metrics and vielbeins ensure the terms mainly separate into base and fibre terms,
with a few ‘cross-terms’. We use the propagator contractions described in Appendix
A and note that these terms are a factor of a half down due the exponential, and a
further factor of a half down due to the two sitting on the left-hand side of (30).
On the base we get
−∂a¯ggb¯∂
µY g∂c¯gde¯∂µY
d
〈
ξa¯∂1ξ
b¯ξ c¯∂1ξ
e¯
〉
= −
1
2
(
∂aggbg
bc∂agcd − ∂
agbg∂
bgad
)
∂µY g∂µY
d∆0 (40)
and on the fibre
∂a¯HGB¯∂1X
G∂c¯HDE¯∂1X
D
〈
ξa¯∂1ξ
B¯ξ c¯∂1ξ
E¯
〉
=
1
2
∂aHGBH
BC∂aHCD∂1X
G∂1X
D∆0. (41)
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Purely from the the vielbein piece of the Lagrangian (31) we have
1
4
LA¯B∂1V
B
B¯LC¯D∂1V
D
D¯
〈
ξA¯∂0ξ
B¯ξC¯∂0ξ
D¯
〉
=
(
−∂1V
A
A¯∂1V
A¯
A +
1
8
∂1HAB∂1H
AB
)
∆0,
1
4
LA¯B∂0V
B
B¯LC¯D∂0V
D
D¯
〈
ξA¯∂1ξ
B¯ξC¯∂1ξ
D¯
〉
=
(
−
1
8
∂0HAB∂0H
AB
)
∆0,
1
2
LA¯B∂0V
B
B¯LC¯D∂1V
D
D¯
〈
ξA¯∂1ξ
B¯ξC¯∂0ξ
D¯
〉
=
(
−∂1V
A¯
A∂0V
A
B¯ δˆ
B¯
A¯
)
∆0,
−HA¯B∂1V
B
B¯LC¯D∂1V
D
D¯
〈
ξA¯∂1ξ
B¯ξC¯∂0ξ
D¯
〉
=
(
2∂1V
A
A¯∂1V
A¯
A −
1
2
∂1HAB∂1H
AB
)
∆0,
−HA¯B∂1V
B
B¯LC¯D∂0V
D
D¯
〈
ξA¯∂1ξ
B¯ξC¯∂1ξ
D¯
〉
= 0,
HA¯B∂1V
B
B¯HC¯D∂1V
D
D¯
〈
ξA¯∂1ξ
B¯ξC¯∂1ξ
D¯
〉
= 0,
∑
µ=0,1
ga¯b∂
µVb
b¯
gc¯d∂
µVd
d¯
〈
ξa¯∂µξ
b¯ξ c¯∂µξ
d¯
〉
=
(
1
4
∂µgab∂µg
ab − ∂µVaa¯∂µV
a¯
a
)
∆0, (42)
with one cross-term
∑
µ=0,1
2∂aggbV
b
b¯V
a
a¯∂
µY ggc¯e∂
µVed¯
〈
ξa¯∂µξ
b¯ξ c¯∂µξ
d¯
〉
=
(
−2∂aggb∂dV
b
b¯
δa¯b¯V aa¯ + ∂aggb∂dg
ba
)
∂µY g∂µY
d∆0.(43)
5.3 The Weyl divergence
The total Weyl divergence will be given by the coefficient of ∆0 which we denote by
W so that
SWeyl =
1
2
∫
d2σ
[
−WGD∂1X
G∂1X
D +Wgd∂µY
g∂µY d
]
∆0 . (44)
On the base the divergence Wgd is given by
Wgd =
1
2
∂a∂aggd −
1
4
∂ggab∂dg
ab −
1
2
∂aggbg
bc∂agcd
+
1
2
∂agbg∂
bgad + ∂aggb∂dg
ba
−
1
8
∂gHAB∂dH
AB. (45)
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The divergence on the fibre is
WGD =
1
2
∂2HGD −
1
2
(
(∂aH)H
−1(∂aH)
)
GD
. (46)
The divergence on the base, (45), can be rewritten as
Wgd = g
abggs
(
∂bΓ
s
ad + Γ
s
btΓ
t
ad
)
−
1
2
∂ggab∂dg
ab + ∂aggb∂dg
ba
−
1
8
∂gHAB∂dH
AB, (47)
where we recognise the first two terms as part of the Ricci tensor. We now, using the
base components of the equation of motion for the fields, add zero to the divergence
in the form
Γtabg
ab
(
Dˆµ
(
gtd∂
µY d
)
−
1
2
∂tHGD∂1X
G∂1X
D
)
. (48)
The base divergence becomes
Wgd = −Rˆgd −
1
8
∂gHAB∂dH
AB, (49)
where Rˆgd is the ricci tensor constructed from the base metric g alone. The fibre
components of the divergence become
WGD =
1
2
∂2HGD −
1
2
(
(∂aH)H
−1(∂aH)
)
GD
−
1
2
Γtabg
ab∂tHGD (50)
5.4 Relation to the doubled Ricci tensor
If we calculate the Ricci tensor of the doubled space (the Ricci tensor of G) for
comparison, and drop terms proportional toHAB∂dHAB = 0, it also has block diagonal
form with
RGD = −
1
2
∂2HGD +
1
2
(
(∂aH)H
−1(∂aH)
)
GD
+
1
2
Γtabg
ab∂tHGD , (51)
Rgd = Rˆab +
1
4
tr(∂gH∂dH
−1) , (52)
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for the fibre and base parts respectively. We see that the Weyl divergence are almost
equal to minus the Ricci tensor except that the term on the base containing the
doubled metric H have an extra factor of 1/2. We note also that the fibre divergence
is contracted with ∂1X∂1X, whereas if we considered an ordinary sigma model with
metric G the fibre piece would be contracted with ∂µX∂µX. However, we can use the
fibre equations of motion to makeWGD contract ∂
µ
X∂µX at the expense of introducing
a factor of 1/2. Then, comparing W with R, all terms containing the doubled metric
H would be a factor of 1/2 down. We will see that writing the doubled metric in
terms of the standard sigma model fields h and b takes care of these extra factors.
6 Doubled renormalisation
One may now proceed directly to regularise and renormalise the divergences coming
from ∆0. In the standard way one would dimensionally regularise and introduce a
mass scale µ through, say, minimal subtraction and the introduction of counter terms.
We then absorb all scale dependence to define the renormalised couplings
{G,K,L} →
{
GR(µ),KR(µ),LR(µ)
}
(53)
producing the renormalised action
SR =
1
2
∫
d2σ
[
−GR(µ)αβ∂1X
α∂1X
β + LR(µ)αβ∂1X
α∂0X
β +KR(µ)αβ∂0X
α∂0X
β
]
.(54)
We can calculate the beta-functions from this by differentiating the renormalised
couplings with respect to the log of the mass scale giving
βGαβ = −
(
WAB 0
0 Wab
)
, βKαβ = −
(
0 0
0 Wab
)
, βLαβ = 0 . (55)
Demanding the vanishing of these beta-functions gives the background field equations.
7 Equivalence with standard sigma model
Instead of working directly with these doubled beta-functions we shall show the equiv-
alence to the standard sigma model by expanding out the Weyl divergence in terms
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of the non-doubled metric and B-field and eliminate the extra doubled coordinates
before renormalisation. Since this can be cast in a well known form for trivial base
metric we will proceed putting gab = δab. Expanding the Weyl divergence Wαβ using
(2) we obtain
WAB =
1
2
(
(r + bh−1rh−1b− bh−1s− sh−1b)ij (sh
−1 − bh−1rh−1)i
j
− (h−1s− h−1rbh−1)
i
j − (h
−1rh−1)
ij
)
, (56)
Wab =
1
4
tab, (57)
where we have defined
rij =
(
∂2h− ∂ahh
−1∂ah− ∂abh
−1∂ab
)
ij
, (58)
sij =
(
∂2b− ∂abh
−1∂ah− ∂ahh
−1∂ab
)
ij
, (59)
tab = tr
(
h−1∂ahh
−1∂bh− h
−1∂abh
−1∂bb
)
. (60)
Recall that XA = XA =
(
X i, X˜i
)
. We now wish to eliminate the dual coordinates X˜i
from the Weyl divergence using the constraint
dXA = LABHBC ∗ dX
C , (61)
which implies that
∂1X˜i = hij∂0X
j + bij∂1X
j . (62)
We can observe that the right hand side of the above has a sensible interpretation in
terms of the standard sigma model; it is proportional to the canonical momentum.
On using the constraint we find that
WAB∂1X
A∂1X
B =
1
2
rij∂µX
i∂µXj +
1
2
ǫµνsij∂µX
i∂νX
j . (63)
Thus, we find that prior to renormalisation, the Weyl divergence part of the effective
action is
SWeyl =
1
2
∫
d2σ
[
−WAB∂1X
A∂1X
B +Wab∂µY
a∂µY b
]
∆0 (64)
=
1
4
∫
d2σ
[
rij∂µX
i∂µXj + sijǫ
µν∂µX
i∂νX
j +
tab
2
∂µY
a∂µY b
]
∆0. (65)
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Demanding that this divergence vanishes constrains the background fields to obey
r = s = t = 0.
We now wish to compare this to the standard sigma model in conformal gauge
S =
1
2
∫
d2σ
[
Gαβ∂µX
α∂µXβ + ǫµνBαβ∂µX
α∂νX
β
]
(66)
with metric and B-field
Gαβ =
(
hij(Y ) 0
0 δab
)
, Bαβ =
(
bij(Y ) 0
0 0
)
. (67)
The beta-functionals for this sigma model are [17]10
βGαβ = Rαβ −
1
4
HασδH
σδ
β , (68)
βBαβ = −
1
2
DσHσαβ , (69)
where Hαβσ = ∂αBβσ + ∂αBβσ + ∂αBβσ. On substitution of our ansatz for B and G
we find that the non-vanishing components are
βGij = −
1
2
(
r +
1
2
tr
(
h−1∂ah
)
∂ah
)
ij
, (70)
βGab = −
1
2
(
tab
2
+ ∂atr
(
h−1∂bh
))
, (71)
βBij = −
1
2
(
s+
1
2
tr
(
h−1∂ah
)
∂ab
)
ij
, (72)
βBab =
1
4
tr
(
h−1∂abh
−1∂bh+ h
−1∂ahh
−1∂bb
)
. (73)
The Weyl divergent part of the effective action which produces these beta-functions
after renormalisation is,
SWeyl = −
1
2
∫
d2σ
[
βGij∂µX
i∂µXj + βGab∂µY
a∂µY b
+ ǫµν
(
βBij∂µX
i∂νX
j + βBab∂µY
a∂νY
b
)]
∆0.(74)
10We have set the dilaton to a constant.
15
The anti-symmetry of ǫµν∂µY
a∂νY
b allows us to cancel the divergence that gave rise
to βBab. The equation of motion for the base coordinate Y is
2∂2Y a = ∂ahij∂µX
i∂µXj + ∂abijǫ
µν∂µX
i∂νX
j, (75)
so upon multiplying both sides tr (h−1∂ah) and integrating by parts we have
1
2
∫
d2σ tr
(
h−1∂ah
)
(∂ahijδ
µν + ∂abijǫ
µν) ∂µX
i∂νX
j (76)
=
∫
d2σ tr
(
h−1∂ah
)
∂2Y a = −
∫
d2σ ∂atr
(
h−1∂bh
)
∂µY
a∂µY b (77)
so that (74) reduces to
SWeyl =
1
4
∫ [
rij∂µX
i∂µXj + sijǫ
µν∂µX
i∂νX
j +
tab
2
∂µY
a∂µY b
]
∆0 . (78)
This agrees with what we found previously from the doubled formalism in (65). Thus
after integrating out the dual coordinate the doubled formalism gives exactly the same
divergent terms as the standard string sigma model.
The construction can be straightforwardly extended to include a non-trivial base
metric g(Y ). In this case the following additional terms
1
2
Γtabg
ab∂thij , (79)
Rˆab +
1
4
tr(h−1∂th)∂tgab −
1
2
tr(h−1∂th)∂agtb , (80)
1
2
Γtabg
ab∂tbij , (81)
are required to reproduce the usual beta-functionals (70), (71) and (72) respec-
tively. These terms do indeed follow from the doubled geometry Weyl divergences (49)
and (50) after application of the equations of motion. In fact one can immediately
see Rˆab, the Ricci tensor of the base metric g in (49).
8 Conclusion
In summary, we have been able to calculate the one-loopWeyl divergence of the duality
symmetric string which upon renormalisation gives rise to the beta-functionals for the
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doubled geometry metric couplings. For the fibre coordinates these are the obvious
geometric quantity, the doubled target space Ricci tensor. For base coordinates, the
terms in the Ricci tensor that contain the fibre metric H pick up an extra factor of
a half. However, when we interpreted the results in terms of the non-doubled fields
these factors are taken care of and indeed we are left with exactly the same Weyl
divergence as for the standard sigma model.
In this calculation there are some notable features that we wish to draw attention
to. First, the topological term which is crucial in establishing equivalence of partition
functions with the standard sigma model, played no role in this calculation. Second,
the non-covariant structure of the action (15) meant that unlike the calculation for
the standard string, the ‘gauge’ terms do make a contribution to the divergence and
increase the computational difficulty. Third, the B-field is incorporated into the dou-
bled metric and the is no anti-symmetric term in the action. Fourth, the chiral nature
of the fibre coordinates suggests that one should be concerned about any potential
Lorentz anomaly. This anomaly actually vanished, cancelling between the Bosons of
opposite chirality. Finally, we found that the L coupling containing the O(n, n) fibre
metric L does not get renormalised.
8.1 Discussion
There are a number of assumptions in this work that would be interesting to explore
further. We assumed that the connection in the fibration was identically zero. To
include such a connection would add off diagonal elements to the doubled-space metric
and would also require a suitably generalised constraint (with derivatives promoted
to covariant derivatives). On applying the PST procedure to produce an action akin
to (15) one finds that terms involving the connection appear in both the metric G and
the ‘invariant’ O(d, d) metric L. Evaluation of the divergence in this case would be
more challenging.
As with other treatments of the duality symmetric formalism we had to specify
that the fibre metric depended only on the base coordinates. It would be nice to
relax this assumption. The difficulty with doing so is that the chirality constraint
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would have to be modified as would its implementation with a suitable generalisation
of the PST action. Another interesting and perhaps more democratic generalisation
along this line would be the doubling of all coordinates. It is remarkable that the
background field equations obtained required no use of the presence of any Killing
directions implying that the doubled formalism is more general than one might have
been first led to believe.
In this paper we have not included the doubled space dilaton, Φ, which is related
to the standard dilaton, φ, through
Φ = φ−
1
2
ln det h . (82)
This is introduced into doubled formalism with the usual Fradkin–Tseytlin action
Sdil =
1
8π
∫
d2σΦ(Y )R(2). (83)
The doubled dilaton is T-dual invariant. However integrating out the dual coordinates
from the doubled action (15) produces a determinant factor which correctly reproduces
the transformation of the standard dilaton under T-duality [4]. Similar invariant
dilatons have been used in other treatments of T-duality as review in [18].
The relation between the two dilatons (82) tells us that if we wish to set the
doubled dilaton Φ to be a constant it is inconsistent to also set φ also to be a constant
as we did when showing the equivalence of Weyl divergence. Instead, one should have
φ = 1
2
ln det h and consider the full beta-functions for the metric and B-field in the
standard sigma model
βGαβ = Rαβ +DαDβφ , (84)
βBαβ = −
1
2
DδHαβδ +
1
2
DδφHαβδ . (85)
The addition of these dilaton terms actually produces an exact match to the doubled
space beta-functions without further manipulation using the equations of motion as
we did in Section 7.
A further generalisation is to consider a general non-constant dilaton in the dou-
bled theory producing a beta-functional βΦ. It is clear that the leading term in βΦ
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will be proportional to 26 − c as is the case for the standard string. The 26 comes
from an integration over world sheet metrics which remains unchanged upon doubling
the target space. c is the central charge of the theory which remains the same after
doubling since although we now have d + 2n Bosons (d being the dimension of the
non-doubled space), 2n of these are chiral and so contribute only a half each to the
central charge. To be concrete about the full equivalence of the beta-functions with
a general dilaton would require extending our analysis through to two loops. Indeed,
higher loop analysis could still provide interesting corrections that are not present at
leading order.
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A Propagators
To find the propagators for the fluctuations we look at the kinetic terms for the scalars
when we have rotated the Lagrangian (30) to the chiral frame. The fluctuations have
either chiral (+) or anti-chiral (-) Floreanini-Jackiw style kinetic terms with action
S± = ±
1
2
∫
d2σφ∂∓∂1φ . (86)
This action yields momentum-space loop propagators
∆±(σ, σ
′) = ±i
∫
d2p
(2π)2
1
p1p∓
e−ip.(σ−σ
′), (87)
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and we will normally write ∆± to indicate the σ → σ
′ limit. Simply by examining
the integrals we see
∆+ +∆− = 2∆0, (88)
∆+ −∆− = 2θ , (89)
where ∆0(σ − σ
′) = −i
∫
d2p
(2pi)2
1
p2
e−ip.(σ−σ
′) is the propagator for a non-chiral Boson11
and we take this as the definition of θ. Of course these propagator integrals are
divergent and we must regularise and then renormalise to find the beta-function.
The propagators can be calculated in z-space after Wick rotation [5] with z =
σ + it = σ + τ and ∂σ = ∂ + ∂¯, ∂τ = ∂ − ∂¯. Using a z → 0 regularisation such that
∂¯z−1 = πδ(2)(z) one finds
∆+(z, z
′) = −
1
2π
ln(z − z′), (90)
∆−(z, z
′) = −
1
2π
ln(z¯ − z¯′), (91)
∆+(z, z
′) + ∆−(z, z
′) = −
1
2π
ln |z − z′|2 = 2∆0(z, z
′), (92)
∆+(z, z
′)−∆−(z, z
′) = −
1
2π
ln
z − z′
z¯ − z¯′
= −
i
π
arg(z − z′) = 2θ , (93)
where in (92) we have noted after regularisation we have the same relation as (88)
to the standardly normalised two-dimensional scalar propagator in this regularisation
scheme.
Terms in the path integral of the effective action that are proportional to ∆0 will
be those related to a breakdown in Weyl invariance whereas terms proportional to θ
will correspond to a breakdown in worldsheet Lorentz invariance [5, 6]. Looking at
the form of (92) and (93) we can see scaling of z shifts ∆0 and not θ and rotation
by a phase shifts θ and not ∆0. One can also see that in flat space the propagator
between two X coordinates or two X˜ coordinates is ∆0 whereas between an X and
an X˜ it is θ. The beta-function should come from terms proportional to ∆0 in the
exponential of the the action and one can obtain it by regularising and renormalising
11We use (+,−) signature on the worldsheet.
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∆0 using dimensional regularisation as is standard. Terms proportional to θ would
mean additional constraints on the background to ensure worldsheet Lorentz invari-
ance and would indicate a difference from the ordinary sigma model. We find such
terms cancel giving agreement with the standard formulation. We would expect this
as we have equal numbers of each chirality of Boson.
Looking again at our general d-dimensional doubled action for the fibre coordinates
in the chiral frame (indicated by barred indices) we have fluctuation ‘kinetic terms’
given by
S =
1
2
∫ [
−HA¯B¯∂1ξ
A¯∂1ξ
B¯ + LA¯B¯∂1ξ
A¯∂0ξ
B¯
]
, (94)
where in this frame the metrics are diagonal:
H =
(
1 0
0 1
)
, L =
(
1 0
0 −1
)
. (95)
Thus the general propagator for ξA¯ is given by
〈ξA¯(z)ξB¯(z)〉 =
(
1 0
0 0
)
∆+ +
(
0 0
0 1
)
∆− (96)
=
1
2
(H + L)∆+ +
1
2
(H− L)∆− (97)
=
1
2
HA¯B¯(∆+ +∆−) +
1
2
LA¯B¯(∆+ −∆−) (98)
= ∆0H
A¯B¯ + θLA¯B¯ . (99)
We can use this result and a Wick contraction procedure, described for the ordi-
nary string in [15], to determine the divergent behaviour of higher-order propagator
contractions which appear in the expansion of the exponential of our action.
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For example
i
∫
d2σ′
〈
ξ(σ)A¯∂1ξ(σ)
B¯ξ(σ′)C¯∂0ξ(σ
′)D¯
〉
= i
∫
d2σ′
(
1
2
(H + L)A¯C¯∆+(p) +
1
2
(H− L)A¯C¯∆−(p)
)
eip.(σ−σ
′)
×
(
1
2
(H + L)B¯D¯∆+(q) +
1
2
(H− L)B¯D¯∆−(q)
)
q1q0e
iq.(σ−σ′)
+i
∫
d2σ′
(
1
2
(H + L)A¯D¯∆+(p) +
1
2
(H− L)A¯D¯∆−(p)
)
p1e
ip.(σ−σ′)
×
(
1
2
(H + L)B¯C¯∆+(q) +
1
2
(H− L)B¯C¯∆−(q)
)
q0e
iq.(σ−σ′). (100)
The σ′ integral gives (2π)2δ(p + q) and putting in the forms of the integrals in ∆±
from (87) gives
i
∫
d2σ′
〈
ξ(σ)A¯∂1ξ(σ)
B¯ξ(σ′)C¯∂0ξ(σ
′)D¯
〉
=
i
8
∫
d2p
(2π)2
(
(H− L)
(
1
p1
−
1
p+
)
− (H + L)
(
1
p1
+
1
p−
))A¯C¯
×
(
(H− L)
p+
−
(H + L)
p−
)B¯D¯
− (A¯↔ B¯) (101)
≃
1
8


− (HH− LH−HL+ LL)∆−
+ (HH + LH−HL− LL) (−∆− +∆0)
+ (HH− LH +HL− LL) (∆+ −∆0)
+
(
HA¯C¯HB¯D¯ + LH +HL+ LL
)
∆+

− (A¯↔ B¯) (102)
= −∆0
(
HA¯C¯LB¯D¯ + LA¯C¯HB¯D¯
)
− θLA¯C¯LB¯D¯ − (A¯↔ B¯), (103)
where≃ indicates equality up to convergent terms which are irrelevant for our purpose.
A similar procedure can be used to calculate the two-propagator contractions with
any combination of worldsheet derivatives. One can also allow indices on the base;
when all four indices are on the base the calculations are as for the standard sigma
model (see for example [15]) and since there is no base–fibre propagator the only other
allowed possibility is to have two indices on the base and two on the fibre. The results
22
can be compactly summarised in terms of the total space metric G and L as12
〈ξα¯∂1ξ
β¯∂1ξ
σ¯ξ δ¯〉 = ∆0 (GG − LL)
(α¯σ¯β¯δ¯−α¯δ¯β¯σ¯) , (104)
〈ξα¯∂1ξ
β¯∂0ξ
σ¯ξ δ¯〉 = −∆0 (GL+ LG)
(↔) − θLL(↔), (105)
〈ξα¯∂0ξ
β¯∂0ξ
σ¯ξ δ¯〉 = −∆0 (GG + 3LL)
(↔) − θ (LG + GL)(↔) , (106)
where GG(α¯σ¯β¯δ¯−α¯δ¯β¯σ¯) represents Gα¯σ¯Gβ¯δ¯ − Gα¯δ¯Gβ¯σ¯ and (↔) understood in the same
way.
12We will simplify notation by using
〈
ξA¯∂1ξ
B¯ξC¯∂0ξ
D¯
〉
= i
∫
d2σ′
〈
ξ(σ)A¯∂1ξ(σ)
B¯ξ(σ′)C¯∂0ξ(σ
′)D¯
〉
it will always appear in the expansion of the exponential of the effective action in this form.
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